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Abstract: For a class of mixed two - qubit states we show that it is not possible to discriminate 
between states violating or non - violating Bell - CHSH inequalities, knowing only their entangle- 
ment and mixedness. For a large set of possible values of these quantities, we construct pairs of 
states with the same entanglement and mixedness such that one state is violating but the other is 
non - violating Bell - CHSH inequality. 

1. Introduction 

Contradiction between quantum theory and local realism manifests by the violation of Bell - CHSH 
inequalities ■ It is experimental fact that those inequalities can indeed be violated in many 
quantum systems (for review see e.g. [H])- On the other hand, it is well known that quantum states 
violating Bell inequalities have to be entangled 0J|H]- Since all pure entangled states violate Bell 
inequalities [H], it was believed that entanglement is equivalent to such violation. After the work 
of Werner JJj, it turned out that violation of Bell inequalities is not neccesary for mixed states 
entanglement. Thus the relation between entanglement and Bell inequalities is not clear and is the 
interesting problem that should be investigated in details. 

In the case of two - qubit system, there is an effective criterion for violating the CHSH inequalities 
[HI E) ■ It enables to associate with any two - qubit state some numerical parameter ranging from 
for "local states" to 1 for states maximally violating such inequalities. Using this criterion, one 
can study for example the relation between entanglement, the CHSH violation and their behaviour 
under the local filtering operations ^UJ. Another interesing question is the following: what is the 
connection between entanglement and mixedness of the state, and the amount of CHSH violation 
given by that state. It is known that to produce an equal amount of CHSH violation some states 
require more entanglement then others. In Ref. IT] , it was suggested that if the more mixed is 
a state, the higher degree of entanglement is required for it to violate CHSH inequality. However 
there are examples of states that counter that suggestion. One can find states with equal amount 
of CHSH violation and entanglement, but one of them is more mixed that other. Moreover, one 
can construct such states that for fixed CHSH violation, the order of mixedness for them is always 
reserved with respect to the order of their entanglements |12| . 

In the present paper, we study another aspects of the relationship between entanglement, mea- 
sured by concurrence C(p), mixedness measured by linear entropy Sl(p) and CHSH violation. We 
ask the following question: is it possible to discriminate between states violating or non - violating 
CHSH inequalities computing only their entanglement and mixedness? We solve the problem for 
some class of mixed two - qubit states. We show that there is a large set of possible values of en- 
tanglement and mixedness such that for fixed pair (s, c) in that set, we can always construct states 
pi, p2 with C'(pi) = C{p2) = c and Sl{pi) = Sl{p2) — s, such that p\ is violating CHSH inequal- 
ity but p2 is not violating this inequality. On the other hand, there is also a subset on the (s,c) 
plane such that the corresponding states always violate CHSH inequalities, and the other subset 
to which correspond non - violating states. Our results indicate that the reason why given mixed 
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state violates Bell - CHSH inequlity can not be explained by their entanglement and mixedness 
alone. 

2. Violation of Bell inequalities for a pair of qubits 

2.1. Entanglement. Consider two-level system A (one- qubit) with the Hilbert space Ha = C 2 
and the algebra of observables 21^ given by 2 x 2 complex matrices. For a joint system AB of 
two qubits A and B, the algebra 21,4b is equal to 4 x 4 complex matrices and the Hilbert space 
Hab = "Ha ®Hb = C 4 . Let Sab be the set of all states of the compound system i.e. 

(1) £ AB = {p e %ab ■ P > and trp = l} 
The state p G Sab is separable 0, if it has the form 

(2) P = J2 Xk P*®Pk> Pk ^A, pf eS B , A fe >0 and ^A fe = 1 

k k 

The set S^n °f au separable states forms a convex subset of Sab- When p is not separable, it is 
called inseparable or entangled. Thus 

(3) SXb = &ab \ S^b 

As a measure of the amount of entanglement a given state contains we take the entanglement of 
formation |13| 

(4) E(p) = min £ X k E(P k ) 

k 

where the minimum is taken over all possible decompositions 

(5) p = J2 AfePfc 

k 

and 

(6) E(P) = -tr [(tv A P) log 2 (tv A P)} 

In the case of two qubits, E(p) is the function of another useful quantity C{p) called concurrence, 
which also can be taken as a measure of entanglement [141 IT5] . C (p) is defined as follows 

(7) C(p) = max ( 0, 2p max (p) - tr p ) 
where p m ax(p) denotes the maximal eigenvalue of p and 

(8) p =(p V2 p t p l/2 ) l/2 

with 

(9) p 1 * = (<72 (8 cr 2 ) p ((72 ® 0-2) 

The value of the number C(p) varies from for separable states, to 1 for maximally entangled pure 
states. For the class Sq of states consisting of density matrices of the form 

/0 \ 

(10) p= 9 ^ I 

p 3 2 P33 
\0 p 44 / 

C(p) is given by 

(11) C(p) = |/>23 I + VP22P33- | | P>23 | - \fp~22pT?, \ 

By positive-definiteness of p, |p 2 3| < ^/P22P33, thus 

(12) C7(p) = 2| P 2 3 | 
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2.2. Bell - CHSH inequalities. Let a, a', b, b' be the unit vectors in R 3 and a = (eri, o"2, 0-3). 
Consider the family of operators on TLab 

(13) Bchsh = a ■ a <g> (b + 6') ■ <r + a' • er <g> (6 - 6') • er 
Then Bell - CHSH inequalities are 

(14) \ti{pB CH SH)\ <2 

If the above inequality is not satisfied by the state p for some choice of a, a' , b, b' , we say that p 
violates Bell inequalities (p is VBI). In the case of two-qubit system, the violation of Bell - CHSH 
inequalities by mixed states can be studied using simple necessary and sufficient condition JSJHI]- 
Any state p € £ab can be written as 



(15) 



p = ^ (lb ® I2 + t ■ o" ® la + 12 ® s ■ cr + t nm a n ® a m j 

\ n,m— 1 / 
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where I2 is the identity matrix in two dimensions, r, s are vectors in R 3 and r ■ er = r j°j- The 

j'=i 

coefficients 

(16) t nm = tr (pcr„ ® cr m ) 
form a real matrix T p . Define also real symmetric matrix 

(17) U p = T T p T p 

where Tj is the transposition of T p . Violation of inequality (14) by the density matrix (15) and 
some Bell operator (13) can be checked by the following criterion: Let 

(18) tn{p) — max (v,j + Uk) 

j<k 

and Uj, j — 1, 2, 3 are the eigenvalues of U p . As was shown in jSJ|2] 



(19) max tv(p Bchsh) = 2y/m(p) 

Bchsh 

Thus (14) is violated by some choice of a,a',b,b' iff m(p) > 1. We can also introduce another 
parameter 

n(p) — max(0, m(p) — 1 ) 

ranging from for non VBI states to 1 for state maximally VBI. For the class £q we obtain the 
following expression for m(p) 

(20) m(p) = max(2C 2 (p), (1 - 2 p 44 ) 2 + C 2 (p) ) 

where C (p) is the concurrence of the state p. Notice that all states p € £ with concurrence greater 
then -4= are VBI. In the next section we focus on states with C(p) < -4=. 

3. The main result 

Consider now the relation between mixedness, entanglement and violation of Bell inequalities for 
mixed states from the class £q. Since for C(p) > ^= every mixed state is VBI, consider p such 

that C(p) < Then m(p) > 1 when 

(21) (l-2p M ) 2 + C 2 (p) > 1 
The above inequality is equivalent to 

IP23I 2 > P44(l ~ P44) 
Let us introduce the normalized linear entropy of the state p 

S L (p) = ^(l-trp 2 ) 
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as a measure of its mixedness. We see that Sl(p) = for pure states and Sl(\^4) = 1. For states 
from the class £q 



On the other hand 



S l{p) = g (P22P33 + P22P44 + P33P44 - IP23H 



IP23 I 



P44 (P22 + P33 ) = |P23| 2 ~ P44 (1 - 044 ) > 



P22P33 ~ g ^iW = IP23P - P44 (P22 + P33 ) > 

Thus inequality (21) is satisfied iff ^B] 



(22) 



P22P33 > o Sl(p) 



Inequality (22) indicates that states p with sufficiently small mixedness and non - zero entanglement 
should be VBI. On the other hand, large mixedness should lead to non - violation of any Bell 
inequality. Below we show that there is also another possibility. For the intermediate values of 
mixedness, there exist states with the same linear entropy and concurrence and such that one of 
them is VBI, but the other is not VBI. To study this problem, introduce the subset As C ffi 2 



(23) 

Theorem 3.1. 

(24) 
where 



A £o = {( S L (p), C(p) ) : C(p) > and p e £ Q } 
A £o - {(a, c) G K 2 : < c < 1, < s < S max {c)} 



8 _ 2 C 2 



Smax(C) — i g 3 

l! c ( ] 

Proof: We parametrize the states p S £0 as follows 
(25) f 

Then positive definiteness of p is equivalent to 

„2 



c < 



fc(l-c), c>| 



A) 











\ 





a 












b 







\o 








1 - a - 





a,b > 0, 6> G [0,2tt] 



(26) 

On the other hand, 
(27) 



ab> — and a + b < 1 
4 



Sz(p) = | h- a 2 -& 2 -(l-( a + 6)) 2 -^- 



We are looking for maximal value of (27) for fixed c and a, b such that conditions (26) are satisfied. 
It turns out that for cG (0, |), maximal value of Sl is attained at a = b = i and is given by 

(28) S max {c) = *-- 2 -c 2 , ce(o,~ 

For cG [|, l] , S max (c) is attained at a = b = |, thus 
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(29) 



5 (c) 



c(l-c), ce 



3' 
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Remark 3.1. Notice that S m ax{c) is realized by states 



(30) 
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The states (30) and (31) are locally equivalent to maximally entangled mixed states discovered in 
|17j . We have obtained the same result starting from different class of states. 



Now consider the structure of the set Ag . 

Theorem 3.2. Ag is a sum of disjoint subsets Aj., A2 and A3 with the properties: 

1. If (s, c) 6 Ai. then every state p € £q such that Sl{p) = s and C(p) — c is VBI. 

2. If (s, c) e A2, i/ien i/jere exist states pi, P2 S £0 suc/i i/iai 

Sh{pi) = Sl{p2) = s, C(pi) = C(p 2 ) = c 

and pi is VBI, but p 2 is not VBI. 

3. If (s, c) G A 3 , £/ien every state p *E £q such that Sj,{p) = s and C(p) — c is not VBI. 

The sets Ai, A2 and A3 can oe described as follows (Fig. 1): 



Ai = {(s,c) :0<c<-^=, 0<s< 5i(c)}U{(s,c) : -L < c < 1, 0< s < S^c)} 

A 2 = {(a, c) : < c < -L, Si(c) < s < S 2 (c)} 

A 3 = {(s, c) : < c < — , S 2 (c) < s < S max (c)} 
v2 



with 



S 1 (c)^-c 2 , 5 3 (c) = 



2 - c 2 + 2 V / T :r 
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C{ P ) 



Ai / 








A 2 


\ A 3 \ 



Fig. 1. The set Ag of admissible pairs (Sl(p), C(p)) for p G £ 



Proof: Consider the parametrization (25) and introduce new variables 



Then conditions (26) can be rewritten as 
(32) 



2 3 2 4 9 ~ 



and 
(33) 

Thus every point (x,y) G X + , where 



y< 



3V2 



X+ = {(x,y) : — + — 



defines the state p G £q. We see also that 



(34) 



x 2 3y 2 



Sl = -- — + ^- + --- 



and the level set Sl = s is the ellipse 
(35) 



A 2 B 2 



with 



f &D, B = V2D, and D 



"12 8 + 9 



Thus the set of states with fixed concurrence C{p) = c and linear entropy Sl(p) — s is determined 
by the intersection of the ellipse (35) and X+. On the other hand, the condition (21) equivalent 
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to m{p) > 1 now reads 

(36) 8 y* + ^y + c*- 8 ->0 

The above inequality can be satisfied by admissible variables y only when 



(37) y > y+ = 



-1 + 3VT 



c 



2 



6V2 



Similarly, m(p) < 1 for y < y + . Now the idea of the proof is simple. For fixed concurrence c, the 
intersection of the level set of the function Sl with X + can lie below or above the line y = y + or 
can intersect this line, depending on the value of s (Fig. 2). The ellipse (35) can intersect the line 
y = y + when B > y + , thus for 



2 - c 2 + 2VT^ r c? 

(38) s < ^ 

there are VBI states. The part of ellipse above the line y = y + represents VBI states, whereas the 
remaining part corresponds to states with the same c and s, which are not VBI. For 



(39) 

all states are not VBI. In the case when the ellipse (35) intersects hyperbola (32) above the line 
y = y + , all states are VBI. This can be achieved when 

(40) s < \ c 2 




Fig. 2. Intersections of X + with level sets S, 



•l = s (dotted lines) for different values of s. 
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4. Examples 



We can use parametrization of the ellipse (35) to construct examples of states with properties listed 
in Theorem 3.2. If 

x = A cos <p, y = B sin <p 

then 



(4i) P (<p,e) = 



o 



o 



i + VD(smip + V3cos(^) 
%e~ w 



C Iti 

2 e 










i + \/D(smp — \^3cosp) 

i-2\/Z)sin^y 



where e [0, 2ir] and ^ e 1+ (1+ will depend on specific values of c and s), defines two parameter 
family of states with fixed concurrence and linear entropy. The set I + is defined as follows. Let 
c < 4=. Then: 

a. for {(s,c) : < s < S^c)} U (A 2 n {(s, c) : s<§(l-c 2 )}) 

7+ = [v?i,¥> 2 ] U [tt 

where 



(pi = arcsm 



1+ = [<fil, W2\ U [7T - (^2, 7T - (fix] 
1 /l 



Vl-3s/2-l/12 



<^2 = arcsm 



6VU 



b. for (A 2 n {(s,c) : s > |(1 - c 2 )}) U (A 3 n j(s,c) : s e [0, §], c < ± A /2 - 2j\ 

1+ = [<Pi,n- ¥>i] 



P-PY) 



c. for A 3 \ Us, c) : a € [0, f], c < \ J2 + 2Jl 



2 S 2 S 



Define also 



if3 = arcsm 



/ + = (0,2tt] 
1 fl 



■VT 



If <p > <f3, then the points on the ellipse (35) corresponding to (p lie above the line y = y + . Thus if 

ip e 1+ n I B where I B = {p3, 77 - ^3) 
all states (41) with such <p are VBI. On the other hand, if 

P e 1+ \ i B 

all states (41) with such <p are not VBI. So we have: 

1. If (s, c) e Ai then ip 3 < pi, and 

I+nI B = 1+ and 7+ \ I B = 
so every state (41) with <p e 7 + is VBI. 

2. If (s, c) e A2, both sets I+CMb and I+\Ib are nonempty. Thus the states (41) with p e I+CiIb 
are VBI, whereas states with ip e I + \Ib are not VBI. 

3. If (s, c) e A 3 , then <p 3 is not defined and Ib = 0, so every state (41) with <p e I + is not VBI. 
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Consider now the concrete example. Let c = \ and take the points 



1 1 

8' 2 



e Ai, 



l l 

2' 2 



G A 2 and 



7 

10' 



G A 3 



Using the parametrization (41), we obtain three families of states (for simplicity we put 9 = 0) 
with corresponding value of C{p) and Sl(p)- So for s = i we have the family 



(42) pi{?) 



/0 





(sin tp + \/3 cos </?) 



i + #(sin^- 



\/3cos<^) 







\/43 
12 



sin 



with tp G (0.54657, 0.65605). Then m(pi(ip)) > 1 (Fig. 3). 
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Similarly, for s = \ we have the family 
/0 

| + I (sin </9 + -\/3 cos >p) 

3 
\0 



(43) 



+ i (sin (p — \/3 cos <p) 







\ 




1 simp J 



with iy0 e (0.25, 1.57). In that case m(p) can be smaller or bigger then 1, depending on (p (Fig. 4). 




Fig. 4. m(p) as the function of tp for the states (43) 
Finally, for s = we obtain 

/0 \ 

I + ^=(sin^ + V3cos^) i 

± I + ^sinp-VScosp) 

with G (0, 27r). For this family m(p) < 1 (Fig. 5). 



11 



m(p) 



1.2 

1 - 
0.8 



0.6 




Fig. 5. m(p) as the function of <p for the states (44) 



Acknowledgments 

L.J. acknowledges financial support by Polish Ministry of Scientific Research and Information 
Technology under the grant PBZ-Min-008/PO3/2003. 



References 

[1] J.S. Bell, Physics (N.Y.)l, 195(1965). 

[2] J.F. Clauser, M.A. Home, A. Shimony and R.A. Holt, Phys. Rev. Lett. 23, 880(1969). 
[3] A. Aspect, "Bell theorem: the naive view of an experimentalist", quant-ph/0402001 
[4] A. Einstein, B. Podolsky, N. Rosen, Phys. Rev. 47, 777(1935). 
[5] E. Schrodinger, Naturwissenschaften 23, 812(1935). 
[6] N. Gisin, Phys. Lett. A 154, 201(1991). 
[7] R.F. Werner, Phys. Rev. A40, 4277(1989). 

[8] R. Horodecki, P. Horodecki, M. Horodecki, Phys. Lett. A 200, 340(1995). 

[9] R. Horodecki, Phys. Lett. A 210, 223(1996). 

[10] F. Verstraete, M. M. Wolf, Phys. Rev. Lett. 89, 170401(2002). 

[11] W.J. Munro, K. Nemoto, A.G. White, "THe Bell Inequality: A measure of Entanglement?, |quant-ph/0102119| 

[12] S. Ghosh, G. Kar, A. Sen(De), U. Sen, Phys. Rev. A 64, 044301(2001). 

[13] Ch. Bennett, P.D. DiVincenzo, J. Smolin, W.K. Wootters, Phys. Rev. A 54, 3824(1996). 

[14] S. Hill, W.K. Wootters, Phys. Rev. Lett. 78, 5022(1997). 

[15] W.K. Wootters, Phys. Rev. Lett. 80, 2254(1998). 

[16] L. Jakobczyk, A. Jamroz, Phys. Lett. A 318, 318(2003). 

[17] W.J. Munro, D.F.V. James, A. G. White, P.G. Kwiat, Phys. Rev. A 64, 030302(2001). 



